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BOUNDARY REGULARITY AND THE
DIRICHLET PROBLEM FOR HARMONIC MAPS

RICHARD SCHOEN & KAREN UHLENBECK

In a previous paper [10] we developed an interior regularity theory for
energy minimizing harmonic maps into Riemannian manifolds. In the first two
sections of this paper we prove boundary regularity for energy minimizing
maps with prescribed Dirichlet boundary condition. We show that such maps
are regular in a full neighborhood of the boundary, assuming appropriate
regularity on the manifolds, the boundary and the data. The reader may refer
to Theorem 2.7 for a statement of the precise result. It is not surprising that the
boundary regularity is actually stronger than the partial regularity we obtained
for the interior. This is due to the fact that there are no nontrivial smooth
harmonic maps from hemispheres S”/ which map the boundary §" /7! =
38"/ to a point (1 <j'<n — 2), and is analogous to the fact that in certain
cases we were able to obtain complete regularity in the interior. Many authors
have worked on boundary regularity for this general type of problem. We
mention Hildebrandt and Widman [5] and Hamilton [4] as having obtained
important results specifically for harmonic maps. Morrey had obtained the
boundary regularity for domain dimension n = 2 in conjunction with his
investigation of the Plateau problem in Riemannian manifolds [8].

In §3 of this paper, we observe that the direct method gives solvability of the
Dirichlet problem under reasonable hypotheses on the manifolds. We give, as
an application, an amusing proof of a theorem of Sacks and Uhlenbeck [9] on
the existence of minimal 2-spheres representing the second homotopy group of
a manifold. The same method gives smooth harmonic representations for
m(N) for a certain class of manifolds N. These are characterized by the
nonexistence of lower dimensional harmonic spheres whose homogeneous
extensions are minimal (see Proposition 3.4).

In the last section of the paper we discuss approximation of L} maps by
smooth maps. We give a simple example of an L2 map from the three-dimen-
sional ball to the two-sphere which is not an L? limit of continuous maps. We
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also prove that L} maps from a two-dimensional manifold can be approxi-
mated by smooth maps. These approximation questions were explicitly posed
by Eells-Lemaire [2].

J. Jost and M. Meier [6] have proven the boundary regularity for minima of
a slightly larger class of functionals than those considered here. They need an
additional restriction that the image of the map lie within a fixed uniformly
Euclidean coordinate chart. The interior partial regularity in this setting had
been previously developed by Giaquinta and Giusti [3].

1. Partial boundary regularity

‘We follow the notation of [10], letting M" and N be Riemannian manifolds
with N C R* isometrically embedded. Let Li(M, N ) be the subset of L}(M, R¥)
whose image lies in N a.e. For u € L2(M, R*), the energy functional is given
by

E(u) =_/M<du, du>dV:fMe(u),

where

e(u)= X g

a, B i
with g, being the metric tensor of M. The norm on L}( M, R¥) is then given by

lufia = E(w) + [ 3 (w(x))" av.

(det gya) dx,

1§s in [10] we will prove our results for slightly more general functionals
E(u) = E(u) + V(u) where V(u) is of the form V(u) = [ v(u) dV with

o(u) =[z_ S v, u(x)) ;’;‘ (x) + T(x, u(x))| av

We assume throughout that the metricon M is C? and y, I € C” for r > 2. Let
L%O(M R*) be the maps which are zero on dM. A map u € L3(M, N) is
E-minimizing provided E(u) < E(v) for all v € L3(M, N) with u —v €
L% oM, R¥). We will be interested in this paper in the boundary regularity of
E-minimizing maps, so we assume that 9M is of class C>* and that u satisfies
the Dirichlet boundary condition, that is, # =v, on 9M where v, € .
C%%(0M, N). Since the regularity question is local in M, we may choose
coordinates x* centered at a point p, € 9M such that locally M is the upper
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3-space R”. . Thus we will deal with maps u € LZ(B+ , N) which are E-
minimizing. Clearly we may assume that 8ap(0) = 8,5, and also that the
boundary data v, is defined on all of B, , i.e., v, € C>%B,, N).

Most of our arguments will be on B,, so we define for A >0 a class %, of
functionals £ on B, satisfying g,4(0) = 8,4 and such that forx € Bf ,u € N

2

a, B, 7

0
?gaﬁ(x) + 'Y(xi' u)l + |qu(x> u)l

+|T(x, ) +]d D (x, w)| < A

Denote by ), the class of boundary data v, € C'(B,, N) such that vy(0) = 0
€ R* where we assume without loss of generality that 0 € N. We assume for
vy € Dy, x € B,

ool (x) < A

Throughout the paper we will assume N, is a fixed compact subset of N and
our maps have image lying in N, a.e.. We use the notation

T,= {x € B,: x, = 0}.

Let 9C, denote the space of maps u € LY(BY, N,) such that u is E-minimizing
for some £ € %, and u = v, on T, (in an L}-sense) for some u, € D,. We
observe the following lemma.

Lemma 1.1. Given p € 0M, we can choose coordinates centered at p on M,
and the origin in R* so that the boundary values vy € C(dM, N) satisfy
v(0) = 0, and so that we have u € ¥ ,. Then the map u,(x) = u(Ax) satisfies
uy € I, 5 for any A € (0,1].

This lemma reduces the regularity question to the study of maps u € 3(,
where A is arbitrarily small. We next observe that [10, Lemma 2.3] carries over
directly to our setting to yield

Lemma 12. If A is sufficiently small and u € IC,, then there exists a
constant ¢ = c(n) such that for o € (0, 1]

Ef (u) < (1 + cAo)E) (w) + cAo™!

for any w € L3(B{ , N) with w = u on 3B," , where we have used E; to denote
energy taken on B .

As in [10], a suitable scaling inequality plays an important role in our proof.
To derive such an inequality, we first consider approximate reflection of maps
u € 9,. We define a map 4 € L3(B,,R*) by

a(x's xy) = = (s =x,) = 092, =x,)),
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where x’ = (x4,...,x,_,) denotes the first (n — 1)-coordinates, and the above
definition is for x, < 0. We take 4 = u — v, in Bf . We use E to denote
energy taken on B, (x), and we now derive our scaling inequality.

Lemma 1.3. Given u € 3C, for A sufficiently small, we have for x € B,
0<os<p<i

o2 "EX (@) < o[ *"E(#) + Ap).

Proof. Our proof involves consideration of two cases. First, if p < x, we
can apply [10, Proposition 2.4] to assert 0> "ES(u) < c[p* "E}(u) + Ap].
Since &4 = u — v, in By and B(x) C B, we have by the triangle inequality

0’ "EX(4) <26? "EX(u) + cA%?
< c[pz_"pr(u) + Ap] < c[pz_"pr(ﬁ) + Ap],

where we have used the fact that v, € %),, and not bothered to distinguish
between constants. This gives the required results for p < x,,. For p > x,,, we
first note that if ¢ < x,, the above argument gives

(1.1) 02> "EX(a) < ¢[x2T"EX(n) + Ax,)].
Thus if 6 = max{o, x,}, it suffices to prove
(1.2) - §TEF(8) < c[p"EXN(a) + Ap),

because if ¢ < x,, then ¢ = x,,, and (1.1) together with (1.2) gives the desired
conclusion. We may assume without loss of generality that 2x, <p and
6 < p/4, for if p <2x,, then (1.1) already implies our conclusion, while if
6 = p/4, inequality (1.2) is automatic. Thus if x = (x’, x,), we have the
inclusions

B.(x) CB,;(x") C B, ,,(x’) C B(x).

Thus in proving (1.2) we can work with balls centered at (x’,0) € T,. There-
fore without loss of generality we can assume x,, = 0 and x € T,. We prove
(1.2) under this assumption. By a linear change of coordinates we can assume
x = 0 and g,g(x) = §,4. Since # is an odd mapping with respect to reflection
about T, inequality (1.2) is equivalent to

(1.3) G2 "E7 (a) < [ 0*E; (a) + Ap],
where E; denotes energy taken over B; . Inequality (1.3) is proven as in [10,
Proposition 2.4]. For ¢ € (0, p] one considers the comparison map v, on B,
given by

v,(x) =u(x), |x|=o,

v,(x) = ﬁ(oﬁ) +v5(x), |x|<o.



HARMONIC MAPS : 257

We can calculate as in [10]

aleX W= L (o pray— [ |22
(14) E (u(o'xl)) n_z(odoEa () faB: 8" g ).
Since | dvy | < cA, we get by the Schwartz inequality
(1.5) EF (v,) <(1 + cAo)E} (u(ol—fcl)) + cAo™ 1.

We cannot directly use v, as a comparison' map even though v, = u on 8B
because v, does not have image in N. To remedy this problem we observe that
since vy(0) € N and | dv, |< cA, the distance from v (x) to N is at most cAc.
Thus if A is small, we can use the projection 7: © - N to push v,(x) onto N;
that is, we use 7 © v, as a comparison. First observe that since dist(v,, N) <
cAo,

(1.6) Ef(mov,)<(1+ cAo)E/ (v,).
Now combining Lemma 1.3 with (1.4), (1.5), and (1.6) we have

+ 7. _ 6(1+ cAo) + da | -
Ef (2) < =——5—| 7 4 g+ (a) - fw: || +eto
This implies
(17) o< on aa i[(1 +cAo)" o2 E} (@)] + cA
’ gy | Or do ° )

Since E; (%) is a nondecreasing function, we can integrate this inequality from
¢ to p and discard the radial derivative term to get

(1+ cA&)" *3*"EF (a) < (1 + cAp)" *0*"E} (a) + cA(p — &).

This implies (1.3) which concludes the proof of Lemma 1.3.

Taking the radial term into consideration we now get the following result
whose proof we omit since it is the same as the proof of [10, Lemma 2.5].

Lemma 14. Let u € 3,. There is a sequence A(i) — 0, A(i) € (0, 1] such
that u,, converges weakly in LX(B7 , N) to a limiting map u, € L3(B,, N).
The map u, is a map satisfying du,/9r = 0 a.e. in By, and also satisfying

=0onT,.

We now prove the initial regularity theorem under smallness assumptions on
the energy.

Regularity Estimate 1.5. There exists € > 0 dependzng only onnand Ny C N
such that if u € ¥}y, A < & and E\ (u) <, then u is Holder continuous on BT
and satisfies |u(x) — w(y)|<c|x —yPF forx,y € B; where ¢, o > 0 depend
only on n, N,.
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Proof. We give the necessary modifications of [10, §3]. Let 2 be the odd
map used in Lemma 1.3, and let ¢ be a symmetric mollifier, ¢ > 0, support
¢ C B, p(x)=9(x|), f¢ = 1. Applying Lemma 1.3 as in [10] gives us the
inequality

(1) B a®(x) — el dy < cié,
By(x)

where #(x) = [¢'"(x — z)d(z) dz. Note that by (1.2) and the fact that
vy(0) = 0 € N we have for a.e. y € Bf
(1.9) dist(2(y), Ny) < c,é.

Let © denote a normal neighborhood of N in R*. Since N, is compact, O
contains a uniform neighborhood of N,. Thus we see immediately from (1.8),
(1.9)

(1.10) dist(a™(x), Ny) < c,&*

for x € B; , 0 <h <. In particular, if ¢ is small we can set 4,(x) =
7 o 1)(x) to get comparison maps into N. Since @ is an odd map and ¢ is a
symmetric mollifier, we also have

(1.11) a®M(x)=0 forx € Ty, h €(0,4].

(Recall T, = {x € B: x,, = 0}.) We now proceed with the following lemma
which is Lemma 3.2 i_n [10]. _
Lemma 1.5. Let h = &%, and suppose h € (0, h). Then we have

J,

sup
x€ B[*/z

 aa®) dx < c,Bf (),
1/2 ’

- . - 2
4®(x) — aM(0)] < c &t

We now choose h = h(x) where h(x)=h(r), r=|x|. Let r= e% and
suppose ¢ € (7, ). Choose A(r) to be a nonincreasing function of r satisfying

(1.12) h(ry=h forr<6,h(6+1)=0,n(r)| < 28w
We then set for x € B%

aN(x) = [gH(x = y)a(y) dy.

The following result is immediate from [10, Lemma 3.3], (1.2),‘and (L.11).
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Lemma 1.6. For 8 € (7, }), the map u, given by
up=meo (2™ + v,) € L}(BF , N)

satisfies u, = u on (B*, ~ B, ,) U T. Moreover, we have

f+ ' |du,,|2 dx < ¢4
B,

4
-~ By

f+ |du|2 dx + &"|.

9+2:~ By—r
As in [10, (3.4)] we will be finished if we can prove the following result.

Proposition 1.7. There exists € = &(n, Ny) > 0 such that if u € ¥,, A <

& Ei (u) <&, then we have
0°7"Ey (u) < 3(Ef (u) + A)
for some 6 = (n, Ny) € (0,1).

The proof of the regularity estimate, given Proposition 1.7, is identical to the
proof in the interior given in [10], so we proceed with the proof of Proposition
1.7. Let v be the solution of the linear Dirichlet problem

Av=0 in B;,

o=4" on 813;F '

As in [10] we prove the following inequalities:

(1.13) sup o — a®| < ¢(éd,
B|+/2
(1.14) sup |dv|” < cg( Ef (1) + A).
B4

For 6 € (0, §] we get, setting u; = 7 o (ﬁ"’_) + 0g),
(1.15)  0>7"E; (u;) < ¢;[0>"Ef (a®) + 62A]
- 2
< 207[02—"f {‘d(ﬁ(") - 0)1 +|dv|2} dx + HZA}.
By
Integrating by parts gives
—_ 2 - -
f d(a® — v)! = —f (a® — 0)Aa™® — v).
B|+/2 Bl+/2
By (1.13) and the harmonic property of v we get

1.16 Ca(a™ — o) <ce [ |aa™)].
(1.16) f, JaG® = o) <etf [aa®)

|2
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From the fact that 4(x*) = —i(x) for x* = (x’, —x,) when x = (x’, x,,) it
follows that

Aah(x) = fR"[Ax M (x -y)]ﬁ(y)dy

= fR B ¢P(x = y) = ¢P(x — y)a(y) dy.
Since (p(h.) is an even function, we may write
8a0(x) =~ [ [a,5(0]a(0) b,

where §(y) = ¢ (x — y) — ¢¥)(x* — y). Note that {, =0 on 9R" , and
0<{(y)<¢"™(x—y)forx, y € R .Since # = 0 on IR?, we have

Aa(x) = [ db,-d(u — vp) dy.
RY
By the Euler-Lagrange equation for « [10, Lemma 2.1] and by (1.2) this gives
|Aa(x)| < cg{f o (x — y)[lauf* + A] @y + Ah_'},
R

where we have used the obvious fact |d¢, |< c(h) ™" 'x B(x) Where X z denotes
the characteristic function of E. Integrating over x € B;‘ we have

f [Au(")l < clo[(E+ (u) + A) + A(e)” ]

Using this in (1.16) and combining with (1.14), (1.15) yield
(1.17) 02~ "Ef (u;) < ¢, (077 + 0*)(E] (u) + A)
for any § € (0, 1).
Followmg [10] let v, € (0, 5] be a number to be chosen depending only on

n, and let § = &, Let p be the greatest integer less than or equal to 6/(37)
where r = &% and write

Cr-

[0,0 + 307 = I, |I] =3,

1

i=1

where each I, is a closed interval. Since y, < 35, we have p = 1(&)7'/32 —
We choose an interval I, for some j with 1 < j < p such that

(1.18) / \du” dx < p7EF (u) < ¢ 8/ 2EF (u).

rel;
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Let 8 be the number such that [; = [0 — 7,0 + 27], and let A(x) be as in
Lemma 1.6. Thus by Lemma 1.2, Lemma 1.6, (1.17), and (1.18) we have
0> "EF (u) < ¢,3[0>7"E] (up) + e%6>"E{ (u) + GA]
< ¢ (0277 + 6 )(Ef (u) + A),
since 8 € [0, 26]. Choosing ¥, small now finishes the proof of the regularity
estimate.

We get the following corollary concerning partial boundary regularity. First,
we say that a point p € M is a regular point for u if u is continuous in a
neighborhood of p in M. The neighborhood may be taken as a ball if
p € Int M or as a half ball if p € M. The singular set & of u is then the
complement of the regular set. Note that if vy € C>*%0M, N) and u is
E-minimizing with 4 = v, on 9M, then u is C** in a half ball centered at
P € 9M provided u is continuous in this half ball.

Corollary 1.8. If u € L%(M, N) is E-minimizing (u € N, a.e.) with u = 0
on M where vy € C>*(OM, N), then 3" "*(S) = 0. More generally, if u € 3,
then IC"~%(S N (B U T})) = 0.

The proof of the corollary is the same as [10, Corollary 2.7], so we omit the
argument.

2. A geometric lemma and complete boundary regularity

We first reduce the boundary regularity problem to a question about the
existence of certain harmonic maps of hemispheres which take a constant value
on the boundary. Most of the work pertaining to this reduction has already
been done in [10], so we indicate the necessary modifications. For a fixed point
u* € R*, we use the notation

Wi ()= [ |u—wl ax.
B+

a

We observe first that our main extension lemma works also in half balls.

Lemma 2.1. For n =2 there exist 8§ = 8(n, N,) and a constant q = q(n)
such that if € € (0,1) is given, and u € L¥(0B] , N,) satisfies o* 2"E(u)W(u)
< 82¢9, then there exists u € LX(B} , N,), i |a p+ = u such that

E} () < c(esE(u) + e 967 "W (u)),
Wi (i) < ce”W(u).

Proof. By rescaling we may assume ¢ = 1. The lemma now follows from
the corresponding result on B, given in [10, Lemma 4.3] by the fact that B} is
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Lipschitz equivalent to B,. Note that the hypotheses and conclusions are
invariant (up to constants) under bi-Lipschitz transformations of the domain.

We get the following strengthening of the regularity estimate whose proof 1s
an obvious modification of the proof of [10, Proposition 4.5].

Proposition 2.2. Given B > 0 there exists a positive constant &, =
eo(n, Ny, B) such that if u € 3,, A < ey, Ef (u) < B, and W (u) < &, then u
is Holder continuous on B_;* , and [u(x) —u(y)|<c|x —y[* for x, y € B;,
where a = a(n) > 0 and ¢ = c¢(n, N,).

‘The following compactness theorem is proved as in [10, Proposition 4.6].

Proposition 2.3. Let {u;}) C I, be a weakly convergent (in L?) sequence
with limit uy such that E; (u;) < B for some B > 0. Then uy is locally Hélder
continuous outside a closed set Sy, C M with H"%(8,) = 0. Moreover, u,
converges to u, in L? norm on B_j and uniformly on compact subsets of E;F ~ -

At this point the proof of the boundary regularity becomes somewhat
simpler than the interior proof. The reason is that we will be able to rule out all
nontrivial boundary tangent maps in some genera.lity. We can now strengthen
Lemma 1.4.

Proposition 2.4. Given u € ¥, there is a sequence N(i) = O such that the
scaled maps u,;y given by uy,(x) = u(A(i)x) converge in L3 norm to a radially
independent harmonic map uy € LB}, N)withuy, = 0 on T,.

Proof. This is immediate from Proposition 2.3 and Lemma 1.4,

The norm convergence in the above result insures that u, is nontrivial if
0 € $. We will now show that no such maps ,, can exist. This fact is related to
the geometry of the sphere, in particular to conformal transformations. For
this reason we express the metric on S” in conformally flat form. With the
north pole as center of polar coordinates, the spherical metric takes the form

= 4(1 + p?)"%(dp* + p’°d£?) where £ € S" . The equator of S” in these
coordinates is the set {p = 1}, and S = {p < 1}. Givenamapu € LS, N)
with 4 = u* on 957 some u* € N, we rescale u in these coordinates by setting
ug for g > 1

ug(p, §) = u(Bp, §) forp<p™',
ug(p, £) =u(l,£) =u* forp'<p<l.

We compute the spherical energy of ug by

2 n—2
— 7n—1
Bl =f (1 ) 0

e

2
(8o, z))dp i,

2| Qu
d

ap
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By changing variables to ¢ = Sp, this becomes

E(ug) = [ B> o™ |dyul (0, £)do dt,

sS4

2 n—2
L+ (G/B)z]
where | dqu [*(p, §) =|0u/0p > + p~%| du/d&[*. If e(u) deriotes the spherical
energy density, i.e., '
2

e(u =o"_l(
() 1+ o2

then the above expression takes the form

Vo [ |B0+e)
This expression is valid for n =2, and for n» = 2 it simply expresses the
conformal invariance of energy. The following result can now be stated. (See
also J. Wood [11].)

Geometric Lemma 2.5. A smooth harmonic map uy: St - N taking a
constant value on 0S’;. is itself constant for n = 2.

Proof. The result for n = 2 was proven by Lemaire [7]. Lemaire’s result
applies when the domain is the unit disk in the complex plane, but since energy
is invariant under conformal transformations for n = 2, this implies the result
we are after. For n>2, since u is assumed to be smooth, the family ug
represents a valid variation of u, so we must have (d/dB)E(ug) =0at g = 1.
Thus by (2.1) we get

@=m [ (1= p)-e(u)(p.£)=0.

n—2
) \doul” do dt,

n—

e(u)(p. £).

which implies e(u) =0 in S} and u, is constant, thereby establishing the
geometric lemma.

The above proof encounters difficulties if u, is not assumed a priori smooth
because it is not clear that u, represents an admissible variation of u, in that
case. For the maps u, arising as limits of u,, for u € 3, we can prove the
result for singular maps.

Proposition 2.6. A map u, € Li(B}, N) arising as a limit of uy, for
u € JC, (see Proposition 2.4) is constant.

Proof. First observe that for » = 3 we must have that u, is smooth away
from the origin since JC"~*( &) = 0. Therefore this case follows from Lemaire’s
result [7]. Thus we assume n = 4. Let r =| x| on R" so that (r, p, £) represent
coordinates for R%, , p and £ as above. For 8 € (1, 2) let B(r) be a smooth
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nonincreasing function satisfying B(r) =1 for r=1, B(r)= g for r <1,

[B'(r)|<4(B —1). Let 2, CR7 be given by Q= {(,p,§): p <B(r)™'},
and consider the diffeomorphism F: g — R% defined by F(r,p, §) =
(r, B(r)p, £). Now for each i, consider the comparison map w; given by
W, = Uy © Fon Qg, w(r, p, §) = uy;(r, 1, §) for (r, p, §) ERY ~ Q. Since
F is the identity outside B;" , we clearly have w, = uy;, on 9B, and hence by
Lemma 1.2 we have

Ey (uygy) < (14 cA(Q)A)ET (w;) + eA(i)A.
By Proposition 2.4, u, ,, converges in norm to u,, so it follows directly that
(22) EY (up) < E{ (w),
where wy = ug o F on Qg, wy = 0 on R%, ~ Q. We will show that (2.2) implies
u, is constant. We write E;" (w,) = E” + E* where E’ is the radial part in R”
and E’ the spherical part. From (2.1) we easily get

E' = j;lrn_3[j;n_,n(ﬁ(r)’ P)et(uo)(r, 0, «f)] dr,

where

n—3

B(1 + p?)
BZ + p2

7(B,p) = (

By elementary calculus we have

B, p)<1—(B— 11— p).

Therefore we get, since du,/dr = 0,
— 2
(2.3) E'<Ef (uo) = (B=1)f (1= p)lduo]”
1/2

On the other hand we compute directly
E'<c(B— l)zEl+ (up),
which combined with (2.3) gives

— 2 —
E (w) < Ef (u0) = (B=1)|[ (1= 0)ldul” — (B~ 1EF (uo)|.
. 1/2
If ug is not constant, we can choose ( B—1 sufficiently small to contradict
(2.2). This completes the proof of Proposition 2.6.
The above result combined with Proposition 2.4 and Regularity Estimate 1.5
gives us the following theorem.
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Regularity Theorem 2.7. Let M be a compact manifold with C** boundary.
Suppose u € LM, N) is E-minimizing and satisfies u(x) € N, a.e. for a
compact subset N, C N. Suppose v € C>*%(0M, N,) and u = v on M. Then the
singular set & of u is a compact subset of the interior of M; in particular, u is C**
in a full neighborhood of M.

3. The Dirichlet problem and harmonic spheres

In this section we observe that the direct method gives solvability of the
Dirichlet problem, and we give, as an application, a proof of the result of
Sacks-Uhlenbeck [9] that =,(N) can be represented by harmonic (minimal)
maps of S? into N. Let M be a compact manifold with (possibly empty) C>*
boundary, and let £ be a functional of the type which we are considering.
Suppose N is compact with or without boundary. ,

Proposition 3.1. Suppose dN is empty and let v € C>*(dM, N) be given.
Suppose v extends to a map v € L}(M, N). There exists a map u € L}(M, N)
with u = v on OM which is E-minimizing over all L2 extensions of v. The map u
is C*® near M and has possibly a singular set S of Hausdorff dimension at most
n — 3 in the interior of M. The interior regularity theory of [10] applies to u.

Proof. Let u; be a minimizing sequence of extensions of v, and observe that
E(u;) < K for some constant K. Thus a subsequence converges weakly to
u € LY M, N) which is also an extension of v. Applying the interior and
boundary regularity theorems then gives the conclusions.

Remark. If 0M = &, Proposition 3.1 asserts the existence of a map which
is E-minimizing over all competing maps from M to N. If E is the ordinary
energy functional, this minimizing map is obviously constant.

We next observe that for the energy functional £ we can weaken the
requirement that 0N = @, and merely require that dN is locally convex with
respect to N.

Corollary 3.2. Suppose ON is locally convex with respect to N and v €
C>%(0M, N,) where N, is a compact subset of the interior of N. There exists a
map u € L3(M, N) which minimizes the energy E over all extensions of v in
L3(M, N). The map u has image contained in a compact subset N, of the interior
of N and enjoys the regularity properties described in Proposition 3.1.

Proof. We need only show that we can find a minimizing sequence 4, with
image contained in a suitable compact subset N, of the interior of N. To do
this let »; be any minimizing sequence, and let N, be the set of points of N a
distance at least e, from dN. Since dN is convex, for ¢, small the set {p € N:
d(p,dN) = €} is locally convex for ¢ € (0, g, ]. Also suppose ¢ is so small that
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dist( Ny, ON) > &,. Let F be the Lipschitz map given by F(p) = p for p € N},
and F( p) is the point of 0N, nearest to p for p € N ~ N,. From the convexity
hypothesis we clearly have that F is distance nonincreasing. Thus if we set
i; = F o u,;, then E(#;) < E(u;), and since dist(N,, 9N) > g,, we have &, = v
on 9M. Thus 4, is a minimizing sequence with image in N,. This proves
Corollary 3.2.

We now give an application of our results to prove existence of harmonic
spheres.

Proposition 3.3. Suppose N is compact without boundary or compact with
convex boundary. Any smooth map v: S* - N which does not extend continuously
to B® is homotopic to a sum of smooth harmonic (hence minimal) maps u;:
S5 N,j=1,---,P.

Proof. Since v is smooth, it has finite energy and hence the map v(x) =
v(x/|x|) is a finite energy extension of v to B>. Thus there exists a least
energy extension u € L3(B3, N) of v. By the previous results # is smooth near
9B* = §? and has isolated singular points x,,- - -,x, in B, (p = 1 since v does
not extend continuously to B*). By the results of [10] each x ; 1s associated to a
minimizing tangent map (MTM) hence a smooth harmonic u;: S2 — N. This
proves the required result.

If one attempts to extend this result to higher dimensions, one encounters
the problem that singularities are not necessarily isolated, and hence the
blown-up map at a singular point may itself have singularities. For k = 2, we
say that a simply connected manifold N is geometrically k-connected if every
MTM from R’ - N is constant for j = 3,-- -,k + 1. The following theorem is
a direct consequence of [10] and the proof of Proposition 3.3.

Proposition 3.4. Suppose N is compact without boundary and suppose the
universal cover N of N is geometrically (k — 1)-connected for some k = 3. Then
each class in m(N) can be represented by a sum of harmonic maps of S* — N.

Remark. It seems to be quite difficult to check whether a given manifold is
geometrically k-connected.

4. Remarks on approximations of L? maps

We have been working in the space L¥( M, N) which we have defined as the
maps in L3( M, R¥) whose values lie almost everywhere in N. Another defini-
tion which one might consider is to define L3(M, N) to be the closure of
C °°(M N) in the L}(M,R*) norm. The following example shows that for

= 3 the two spaces are not the same.
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ExampLE. The map u € Li(B3, S?) given by u(x) = x/| x| is not an L2
limit of a sequence u; € C*(B3, §?). To see this one can simply observe that if
such a sequence u; did exist, then for almost every r € (3, 1) we would have
L3(3B?, S?) convergence of u, to the map x /7. In particular, we would have a
sequence v; € C®(S?, §?) (say v,(x) = u;(rx)), each v, having degree zero,
converging to the identity map of S2. By taking a subsequence we could
assume dv; converges pointwise a.e. to the identity. Thus in particular the
Jacobian J(v;) - 1 a.e. on S2. Since | J(v;) |< 3 | dv,|* and | dv, |* converges in
L, norm to a limit, the dominated convergence theorem implies that

i]ilg LZJ(D,-) = 4.

The fact that each v, has degree zero implies that the integral of J(v,) is zero
for each i, a contradiction.

Our next result shows that for n = 2 an L7 map is a limit of smooth maps.
The method we employ is essentially the same as our method of comparison
construction in the proof of the partial regularity theorem.

Proposition. Let M? be a compact surface with possibly empty C' boundary.
Let N be a compact manifold without boundary. Then C®(M, N) is dense in
Li(M, N).

Proof. By standard extension theorems (see [8, Theorem 3.43]) we may
assume that M is compactly contained in M, and that any given u € L3(M, N)
is the restriction of a map # € L{(M,,R¥) to M. We assume M, is isometri-
cally embedded in R”. Let 9L be a normal neighborhood of M, in R*, and O be
a normal neighborhood of N in R*. For ¢ < dist(M, dM,) the function G(x) =
Ep2(,(#) is a continuous function of x € M. The function G, clearly decreases
when ¢ decreases, and lim, o G(x) = O for all x € M. Therefore it follows that
G, converges uniformly to zero in M. Now extend # to a map 4 € L3(9,R¥)
by setting a(x) = u(P(x)) where P: U — M, denotes nearest point projection.
Since the metric on A is unifgrmly equivalent to a product metric on
M, X B""%, we clearly have for x € P~'(M)

(4.1) Eprio(#) < ce" ?Ep 5"‘”(‘7) = ce"?G(x).

Note also that #(x) € N a.e. x € £“(M). Let @(x) be a mollifier on By, and
set g (x) = & "g(x/¢), and

i(x)= [olx—y)a(y)dy

" for x € M. By the Poincaré inequality and (4.1)

—n = = 2 —n =
(4.2) e Ln(x) la(y) — i (x)| dy < ce® "Epgp (i) < cG(x).
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Since #: P~ (M) - N, this inequality implies that for all x € M we have
(4.3) dist(#,(x), N) < ¢Gi(x).

Let #: O > N be the nearest point projection map, and observe that by
(4.3) and the fact that G, converges uniformly to zero, we can define a smooth
map v: M — N by setting v(x) =7 o ii(x). It is quite easy to see that
lim, o llv, — ull, 5 o = 0. This completes the proof of the proposition.
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